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Abstract
In this paper, we study a periodic p-Laplacian equation with nonlocal terms and
Neumann boundary conditions. We establish the existence of time periodic solutions
of the p-Laplacian-Neumann problem by the theory of Leray-Schauder degree.
1 Introduction




(|∇u|p–∇u) = (m –[u])u, (x, t) ∈QT , (.)
∂u
∂n = , (x, t) ∈ ∂ × (,T), (.)
u(x, ) = u(x,T), x ∈ , (.)
where p > ,  is a bounded domain in Rn with smooth boundary ∂, ∂
∂n denotes the
outward normal derivative on ∂, QT = × (,T). This problem is motivated by models
which have been proposed for some problems in mathematical biology. The function u
represents the spatial densities of the species at (x, t); the diﬀusion term div(|∇u|p–∇u)
represents the eﬀect of dispersion in the habitat, whichmodels a tendency to avoid crowd-
ing, and the speed of the diﬀusion is slow since p > ; the term (m – [u])u models the
contribution of the population supply due to births and deaths; the Neumann boundary
conditionsmodel the trend of the biology population to survive on the boundary. Assump-
tions ofm, [u] will be introduced in the next section.
The model as (.) was ﬁrst studied by Allegretto and Nistri. In [] they studied the ex-
istence of nontrivial nonnegative periodic solutions and optimal control for the following
equation:
∂u





with Dirichlet boundary value conditions. Later, many mathematical researchers studied
extended forms of this kind of equation. For example, in [–], the authors considered
some nonlinear diﬀusion equations with nonlocal terms such as the porous equation with
m > , the p-Laplacian equation with p >  and the doubly degenerate parabolic equation.
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All these problems are the Dirichlet boundary value conditions, and these boundary con-
ditions describe that the boundary we consider in thismodel is lethal to the species.More-
over, the methods in these papers are all based on the theory of Leray-Schauder degree.
However, there are few results on degenerate periodic parabolic equations with nonlocal
terms and Neumann boundary conditions. Recently, in [], Wang and Yin considered the







u, (x, t) ∈QT ,
∂u
∂n = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x,T), x ∈ ,
where m > . By the parabolic regularized method and the theory of Leray-Schauder de-
gree, they established the existence of nontrivial nonnegative periodic solutions. Also,
there are many works about reaction diﬀusion equations without nonlocal term; one can
see [–] and the references therein, and the boundary value condition and research
method are diﬀerent from our work.
In this paper, we consider the periodic solution of p-Laplacian Neumann problem (.)-
(.). In [], the authors studied equation (.) with the Dirichlet boundary value condi-
tion. Comparedwith theDirichlet boundary value condition in [], theNeumann bound-
ary value condition causes an additional diﬃculty in establishing some a priori estimates.
On the other hand, diﬀerent from that in the case of the Dirichlet boundary value condi-
tion, the standard regularized problem of problem (.)-(.) is not well posed, and thus
a modiﬁed regularized problem for (.)-(.) is considered. In addition, we will make use
of the Moser iterative method to establish the a priori upper bound of the solution of the
regularized problem. By the theory of Leray-Schauder degree, we prove that this modi-
ﬁed problem admits nontrivial nonnegative periodic solutions. Then, by passing to a limit
process, we obtain the existence of nontrivial nonnegative periodic solutions of problem
(.)-(.). In the process of proving themain results, the nonlocal term, which reﬂects the
reality of the model (.), will cause a diﬃculty when we establish a lower bound estimate
of the maximum modulus of the solution of the regularized problem. Otherwise, we can
use the method of upper and lower solution to prove the existence of periodic solutions.
At last, the existence theorem shows that the spatial densities of the species are periodic
under the case of nonlinear diﬀusion.
This paper is organized as follows. In Section , we show some necessary preliminaries
including the modiﬁed regularized problem. In Section , we establish some necessary a
priori estimations of the solution of the modiﬁed regularized problem. Then we obtain
the main results of this paper.
2 Preliminaries
In this paper, we assume that
(A) [·] : L+()→R+ is a bounded continuous functional satisfying
≤ [u]≤ K‖u‖L(),
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where K >  are constants independent of u, R+ = [,+∞),
L+() = {u ∈ L()|u≥ , a.e. in };
(A) m(x, t) ∈ CT (QT ) and satisﬁes that {x ∈  : T
∫ T
 m(x, t) > } 	= ∅, where CT (QT )
denotes the set of functions which are continuous in  ×R and of T-periodic
with respect to t.





m(x, t)dt ≥m for all x ∈ B(x, δ).
Since equation (.) is degenerate at points where u = , problem (.)-(.) has no clas-
sical solutions in general, so we focus on the discussion of weak solutions in the sense of
the following.
Deﬁnition  A function u is said to be a weak solution of problem (.)-(.) if u ∈






p–∇u∇ϕ – (m –[u])uϕ)dxdt =  (.)
for any ϕ ∈ C(QT ) with ϕ(x, ) = ϕ(x,T).
Due to the degeneracy of equation (.), we consider the following regularized problem:
∂uε
∂t – div
((|∇uε| + ε) p– ∇uε) + εuε = (m –[uε])u+ε , (x, t) ∈QT , (.)
∂uε
∂n = , (x, t) ∈ ∂ × (,T), (.)
uε(x, ) = uε(x,T), x ∈ , (.)
where s+ = max{, s} and ε is a suﬃciently small positive constant. The desired solution
will be obtained as the limit point of the solutions of problem (.)-(.). In the following,
we introduce a map by the following problem:
∂uε
∂t – div
((|∇uε| + ε) p– ∇uε) + εuε = f , (x, t) ∈QT , (.)
∂uε
∂n = , (x, t) ∈ ∂ × (,T), (.)
uε(x, ) = uε(x,T), x ∈ . (.)
Then we can deﬁne a map uε = Gf with G : CT (QT ) → CT (QT ). Applying classical esti-
mates (see []), we can know that ‖uε‖L∞(QT ) is bounded by ‖f ‖L∞(QT ) and uε is Hölder
continuous inQT . Then by the Arzela-Ascoli theorem, the mapG is compact. So, the map
is a compact continuous map. Let f (u) = (m–[uε])u+ε , where u+ε =max{uε , }, we can see
that the nonnegative solution of problem (.)-(.) is also a nonnegative solution solving
uε = G((m – [uε])u+ε ). So, we will study the existence of nonnegative ﬁxed points of the
map uε =G((m –[uε])u+ε ) instead of the nonnegative solutions of problem (.)-(.).
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3 Proof of themain results
First, by the same method as in [], we can obtain the nonnegativity of the solution of
problem (.)-(.).
Lemma  If a nontrivial function uε ∈ CT (QT ) solves uε =G((m –[uε])u+ε ), then
uε(x, t) >  for all (x, t) ∈QT .
In the following, by theMoser iterative technique, we will show the a priori estimate for
the upper bound of nonnegative periodic solutions of problem (.)-(.). Here and below
we denote by ‖ · ‖p (≤ p≤ ∞) the Lp() norm.
Lemma  Let λ ∈ [, ], uε be a nonnegative periodic solution solving uε = G(λ(m –
[uε])u+ε ), then there exists a constant R >  independent of λ, ε such that
∥∥uε(t)∥∥∞ < R, (.)
where uε(t) = uε(·, t).











∥∥uε(t)∥∥m+m+ + C(m + )p–
∥∥∇(∣∣uε(t)∣∣mp uε(t))∥∥pp
≤ C(m + )
∥∥uε(t)∥∥m+m+, (.)
where Ci (i = , ) are positive constants independent of uε andm.
Assume that ‖uε(t)‖∞ 	=  and set
uk(t) =
∣∣uε(t)∣∣mkp uε(t), αk = p(mk + )mk + p , mk =
pk – p
p –  (k = , , . . .),
then αk < p, mk = pk– +mk–. For convenience, we denote by C a positive constant inde-
pendent of k andm, which may take diﬀerent values. From (.) we obtain
d
dt
∥∥uk(t)∥∥αkαk + C(m + )p–
∥∥∇uk(t)∥∥pp ≤ C(m + )∥∥uk(t)∥∥αkαk . (.)
By using the Gagliardo-Nirenberg inequality, we have
∥∥uk(t)∥∥αk ≤ C∥∥∇uk(t)∥∥θkp ∥∥uk(t)∥∥–θk , (.)




(p – )mk + p
mk + 
· N(p – )N + p ∈ (, ).








 +C(mk + )
∥∥uk(t)∥∥αkαk






























∥∥uk(t)∥∥ αkmk+αk }. (.)
For Young’s inequality
ab≤ εap′ + ε–
q′
p′ bq′ ,
where p′ > , q′ > , a > , b > , ε >  and p′ +

q′ = , we set
a =





p′ = lk =
p(m + )
θkαk
–mk –  =
(mk + )(mk + p)(p – )N + p)




∥∥uk(t)∥∥ αkmk+αk ≤ 
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and combining (.), (.), we obtain
d
dt















(mk + )p–(mk + )
d
dt
∥∥uk(t)∥∥ αkmk+αk ≤ –C





+C(mk + )akλbkk–. (.)
From the periodicity of uk(t), we know that there exists t at which ‖uk(t)‖αk reaches its
maximum and thus the left-hand side of (.) vanishes. Then we obtain











– αk(mk + )mk + 
= lkαkmk + 
.
Therefore we conclude that


























p–pθk ≤ p and λk– ≥ , we get∥∥uk(t)∥∥αk ≤ CAkλpk–,
or
ln
∥∥uk(t)∥∥αk ≤ lnλk ≤ lnC + k lnA + p lnλk–,












p –  lnC + p
k– ln l + f (k) lnA,
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or








f (k) = k – (k + )p – p
k– + pk
(p – ) .
Letting k → ∞, we obtain
∥∥uε(t)∥∥∞ ≤ Clp– ≤ C(max{, supt
∥∥uε(t)∥∥})p–. (.)
On the other hand, it follows from (.) with m =  that
d
dt
∥∥uε(t)∥∥ +C∥∥∇uε(t)∥∥pp ≤ C∥∥uε(t)∥∥. (.)
By Hölder’s inequality and Sobolev’s theorem, we have
∥∥uε(t)∥∥ ≤ ||  – p ∥∥uε(t)∥∥p ≤ C||  – p ∥∥∇uε(t)∥∥p. (.)
Combined with (.), it yields
d
dt
∥∥uε(t)∥∥ +C∥∥∇uε(t)∥∥p ≤ C∥∥uε(t)∥∥.
By Young’s inequality, it follows that
d
dt
∥∥uε(t)∥∥ +C∥∥∇uε(t)∥∥p ≤ C, (.)
whereCi (i = , ) are constants independent of u. Taking the periodicity of u into account,
we infer from (.) that
∥∥uε(t)∥∥ ≤ C,
which together with (.) implies (.). The proof is completed. 












where BR is a ball centered at the origin with radius R in L∞(QT ).










, ∀uε ∈ ∂BR,λ ∈ [, ].
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Hence the degree is well deﬁned on BR. From the homotopy invariance of the Leray-
















From the existence and uniqueness of the solution of uε = G(), we have deg(I –
G(),BR, ) = . That is, deg(I –G((m –[uε])u+ε ),BR, ) = . The proof is completed. 
Lemma  There exist constants r >  and ε >  such that for any r < r, ε < ε, G((m –
[uε])u+ε ) admits no nontrivial solution uε satisfying
 < ‖uε‖L∞(QT ) ≤ r,
where r is a positive constant independent of ε.
Proof By contradiction, let uε be a nontrivial solution of uε =G((m –[uε])u+ε ) satisfying
 < ‖uε‖L∞(QT ) ≤ r. For any given φ(x) ∈ C∞ (), multiplying (.) by φ

uε and integrating






∂t dt dx +
∫∫
Q∗T











m – ε –[uε]
)
dt dx. (.)
By the periodicity of uε , the ﬁrst term on the left-hand side in (.) is zero. As in the proof
of Lemma . of [], the second term on the left-hand side in (.) can be rewritten as
∫∫
Q∗T

































((|∇uε| + ε) p– |∇φ|)dt dx. (.)










((|∇uε| + ε) p– |∇φ|)dt dx. (.)
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Let μ be the ﬁrst eigenvalue of the p-Laplacian equation on  with zero boundary con-
ditions and φ(x) be the corresponding eigenfunction. We have∫






















































m – ε –[uε]
)
dxdt ≤MTr||, (.)
where M = max(x,t)∈Q∗T m(x, t) and || denotes the Lebesgue measure of the domain .






m – ε –[uε]
))
dt dx






































m – ε –K‖u‖L
)
dt dx




The above two inequalities imply that

















Obviously, we can choose suitably small ε >  and r >  such that for any ε ≤ ε, r ≤ r,
the inequality (.) does not hold. It is a contradiction. The proof is completed. 
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Corollary  There exists a small positive constant r which is independent of ε and satisﬁes












where Br is a ball centered at the origin with radius r in L∞(QT ).
Proof Similar to Lemma , we can see that there exists a positive constant  < r < R inde-







u+ε +  – λ
)
, ∀uε ∈ ∂Br ,λ ∈ [, ].
Hence the degree is well deﬁned on Br . From the homotopy invariance of the Leray-













I –G(),Br , 
)
. (.)
Lemma  shows that uε =G() admits no nontrivial solution in Br and it is also easy to see












The proof is completed. 
Theorem If assumptions (A) and (A) hold, then problem (.)-(.) admits a nontrivial
nonnegative periodic solution u.





f (·)),, ) = ,
where  = BR \ Br , Bξ is a ball centered at the origin with radius ξ in L∞(QT ), R and r are
positive constants and R > r. By the theory of the Leray-Schauder degree and Lemma ,
we can conclude that problem (.)-(.) admits a nontrivial nonnegative periodic solu-
tion uε . By Lemma  and a similar method to that in [], we can obtain





Combining with the regularity results [] a similar argument to that in [], we can prove
that the limit function of uε is a nonnegative nontrivial periodic solution of problem (.)-
(.). 
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